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I Abstract. We derive formulas for special values of the Ramanujan zeta function 

(<~^ ■ outside of the critical strip. In particular, we give explicit integrals for L{A, 12) 

^SJ i and L{A, 13) which involve powers of hypergeometric functions. Our method also 

shows that L{A, k) is a period in the sense of Kontsevich and Zagier when k > 12. 
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1. Introduction 

Ramanujan introduced his zeta function in 1916 [6]. Following Ramanujan, let 
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where q = e . Since r(n) is multiplicative, Ramanujan had the natural idea to 
look at the following Dirichlet series: 



Ramanujan observed that L(A, s) has an Euler product, and it was subsequently 
proved that the function analytically continues to the complex plane [10, pg. 242]. 
CN ■ The function satisfies a relation of the form L(A, 12 — s) = 7(s)L(A, s), where 7(3) 

involves Gamma functions. The main goal of this paper is to prove formulas for 
L(A, k) when > 12 is a positive integer lying outside of the critical strip. We use 
^ ■ recent ideas of Rogers and Zudilin [8], [9], and Zudilin [11], to reduce these L- values 

to elementary integrals. For example, in Theorem 1 we prove 
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where F{a) is the usual hypergeometric series: 
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We prove a double integral for L(A, 13) in Theorem 2, and we point out that it is 
possible to obtain similar double integrals for L(A, k) when k > 13. 

2. Critical values of L(A, s) 

We begin with a brief review of known formulas for critical values of L{A,s). 
We say that L{A,k) is a critical L-value if 1 < < 11. Kontsevich and Zagier 
summarized the properties of critical L- values in [4]. It is relatively simple to relate 
these values to integrals of algebraic functions. The standard Mellin transform gives 

L{A,k) = .; ^ / u''-'A{iu)du (3) 



(^-l)!io 

whenever k > 1. The usual method for obtaining an elementary integral, is to set 

u = (4) 

where F{a) is defined in (2). Notice that r = m is the period ratio of the elliptic 
curve y"^ = {1 — x^)(l — ax^). Now appeal to the classical formulas [2, pg. 124], [2, 
pg. 120]: 

A{zu) = ^a{l-ar[F{a)f, (5) 
lb 

^ ^ z]: (Q) 

da 27ra(l - a) [F(a)]" 

and notice that a G (1, 0) when u G (0, oo). Equation (3) reduces to 

^(A, k) = Y^^i^ J\l - [F{a)]''~' [F{1 - a)]'-' da. (7) 

This formula illustrates the crucial point that L{A, k) belongs to the ring of periods 
when 1 < k < 11. In other words, L(A, fc) can be written as a multiple integral 
of purely algebraic functions. We can make this explicit by substituting a classical 
elliptical integral for every hypergeometric series: 

p. . 2 du 
Fia) 
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Kontsevich and Zagier illustrated this point with an equivalent version of (7), albeit 
in a slightly different notation [4, pg. 24]. 

3. A FORMULA FOR L(A, 12) 

It is extremely non-obvious that L(A, k) is a period ii k > 12. Equation (7) 
becomes an integral over non-trivial ratios of hypergeometric functions, and it is no 
longer clear how to simplify the identity. While Beilinson's theorem implies that 
L(A, k) is a period outside of the critical strip [1], it is quite challenging to use his 
result to extract explicit formulas. The goal of this section is to prove a formula 
for L{A, 12) using the method that Rogers and Zudilin introduced in [8] and [9]. In 
Section 4 we study L{A, k) when k > 13. 
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Zudilin has provided a nice summary of our method in [11]. The crucial step is 
to decompose A(z) into a hnear combination of products of two Eisenstein series. 
The most famous decomposition of A(z) is due to Ramanujan: 

1728A(z) = E,{zY - E,{zf, (9) 

where 



3 n ^ 5 n 

'4(.) := 1 + 240 5^ E,{z) := 1 - 504 J^^' 

n=l ^ n=l 

and q = e^'^*^. Equation (9) is not helpful in this context, because it involves a cubic 
power E^lz). In Lemma 1, we decompose a linear combination of A(z)'s into the 
desired form. 

Lemma 1. We have 

Aiz) + 2AA{2z) + 2i^A(4z) = ^ [Ee{2z) - ME^iAz)] ^^^^ 

X [Eq{z) - 33Eei2z) + 32^6(4^)] . 

Proof. We used a computer to check that the first 100 Fourier coefficients of both 
sides agree. Since both functions are modular forms on ro(4), we can use Rankin's 
theorems to conclude that they are equal [7]. For a nice discussion of this method 
see [2, pg. 334]. □ 

Now apply an involution to the first term on the right-hand side of (10). The 
equation becomes 



A(^) + 24A(22) + 2"A(4;2 
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X \Eq{z) - 33^6 (2^) + ?,2Eq{Az)] 



Suppose that z = iu with n > 0. Then the right-hand side reduces to a four- 
dimensional infinite series. We have 



A(iu) + 24 A(2m) + 2" A(4m) = ^ V 

n,m,r,s>l 
m,r,s odd 

Multiply both sides by u'^~^ and integrate for u G (0, oo). By uniform convergence: 



8 (1 + 3 ■ 2^-^ + 2^^-^^) L(A, A:) = J2 [nrfl 



n,m,r,s>l 
m,r,s odd 

(11^ 



Finally apply the key trick: Use a change of variables to swap the indices of summa- 
tion inside the integral in (11). If the trick is properly executed, then the right-hand 
side reduces to an integral over modular or quasi-modular functions. 
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Theorem 1. Recall that F{a) is defined in (2). Then 
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Proof. Set k = 12 and let u h-> ^ in (11). The formula becomes 
8241 
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Now suppose that u and a are related by (4), and recall that a G (1,0) when 
u e (0, cxd). We compute du/da using (6), and various identities from Ramanujan's 
notebooks imply 



27rm 

1 + e 4" 



n± -r e 4" 

m odd 

D 



a 



-1/8 



°° ^llg— 27rnji 1 

=—a (2 + 251a + 876a2 + 251a3 + 2a^) [F(a)]^^ . 
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Combining the formulas completes the proof. 



□ 



4. Formulas for L(A, k) when A; > 13 

It is possible to prove formulas for every value of L{A, k) when k > 13. Un- 
fortunately, all of the formulas involve double integrals. A typical example is the 
formula for L(A, 13) given in equation (17). It appears to be very difficult to re- 
late these integrals to standard special functions. In fact, Zudilin's calculation of 
L{r]'^{4:z)rj'^{8z), 3), seems to be the only instance with k > weight(/), where L(/, k) 
has been proved to equal something recognizable [11]. Boyd has given many con- 
jectural formulas involving three-variable Mahler measures, but all of these remain 
open [3]. 

We use a variant of Zudilin's approach to study L{A,k), when k > 13. The 
calculation requires us to express a negative weight Eisenstein series in terms of an 
integral of modular functions. Zudilin studied a closely related Eichler integral, and 
obtained a formula by solving an inhomogeneous differential equation. Below we 
introduce a new approach for performing these calculations. 
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Consider equation (11). If k is even, interchange n and r using u If /c is 

odd, interchange m and r using u i— )• Thus for k odd, the integral becomes 

(1 + 3 • 23-'= + 2^1-2'=) 
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^ ' n,r>l m>l 

r odd m odd 

The nested sum on the right reduces to a linear combination of Eisenstein series. 
Unfortunately, we also have to deal with an Eisenstein series of negative weight: 

E ;i?rT^-""™- (14) 

n,r>l 
r odd 

This main difficulty is that the sum contains negative powers of the index r. To 
simplify (14) consider a non-standard version of the Gamma function integral: 

l"^ ^ f n 1 \s-l m^l^ /ir-\ 

(logg — logf) V — . (15) 



r(s) Jq V 
After noting that (15) holds for s and m sufficiently large, we can write 
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n,r>l n,r>l ^ ' 

r odd r odd 



/ (-2vr«;-log.;)'=-^^y^^ (16) 

(A: - 12)! Jo ^ ^ ' ^ 1 - ^ 



When /c is odd, the nested sum equals a linear combination of Eisenstein series. In 
Theorem 2, we use (13) and (16) to obtain a formula for L{A, 13). Before proceeding, 
we note that equation (15) allows us to simplify many additional Eisenstein series 
of negative weight. We can use this method to simplify all of the values of L{A, k) 
when k > 13. The odd cases require formula (13), while the even cases require the 
analogous formula obtained from mapping m i— )■ ^ in (11). 

Theorem 2. Recall that F{a) is defined in (2). The following identity is true: 

90^-49 ■ 11 • 313 



^13 



L(A, 13) 

r [F{1 - P)F{a) - F(/3)F(1 - a)] [F{P)F{a)f (17) 

(1 + a)(17 - 32a + 17a2)(2 + 13/3 + 2/3^) 

X d/3da. 
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Proof. Combine (13) and (16) when k = 13. We obtain 

32865 TOX _ 1 r 6 \^ mT(,-2^mu 

^^L(A, 13) - — y 2^ 1 _ 

m>l 



m odd 



I 2n 
1 — V V 
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Now suppose u and a are related by (4), and recall that a G (1, 0) when u G (0, oo) 
We have [2, pg .133]: 

E =^"(2 - ") (2 - 2a + 17a^) [F(a)]« . 

m>l 
m odd 

After applying (6), the integral reduces to 

1 /"^ (2 - a) (2 - 2a + ITa^^ 



21312! /n 1 - a 



[F(l-a)f 



f Fia) 1 , \ ^ n^t;" d?; 



X / I ^TTz z + -\oRv\2_^z — — da, 

71=1 

where g(a) := exp {—ttF {1 — a) / F (a)). Next let v = q{f3), and notice that 



m=l 

dv V 



d(3 /3(1 - /3) [F(/3)] 

The formula becomes 



2 • 



1 /■^(2-a)(2-2a + 17a 



2X 



[F(l-a)f 



21^12! 7o 1 - a 

We conclude by letting a i-> 1 — a. □ 

5. Conclusion 

Perhaps it is regrettable that our formulas for L(A, k) are complicated. While 
the formulas demonstrate that L{A, k) belongs to the ring of periods for k > 12, 
it would be nice if they could be simplified to a recognizable form. We would find 
it particularly exciting if L{A, 12) could be related to special values of generalized 
hypergeometric functions. We are also willing to speculate that there might be a 
relation between L{A, 12) /ir^"^ and the Mahler measure of some 12- variable polyno- 
mial. 
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